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THE FULL HOLONOMY GROUP UNDER THE RICCI FLOW
MARY COOK AND BRETT KOTSCHWAR
ABSTRACT. We give a short, direct proof that the full holonomy group of a solution to the
Ricci flow is invariant up to isomorphism using the invariance of the reduced holonomy
under the flow.
1. INTRODUCTION
In this note, we consider the holonomy of a family of manifolds (M, g(t)) evolving by
the Ricci flow. Recall that the holonomyHolp(g) of a Riemannian manifold (M, g) based
at p ∈ M is the group of endomorphisms of TpM produced by parallel translation about
piecewise smooth loops based at p. The reduced holonomy Hol0p(g) is the subgroup of
Holp(g) produced by parallel translation around piecewise smooth nullhomotopic loops
based at p. Any identification of TpM with R
n identifies Holp(g) and Hol
0
p(g) with sub-
groups ofO(n) and SO(n) up to conjugation. WhenM is connected, the conjugacy classes
of these subgroups are independent of the basepoint p, and it is common to refer to any
fixed representatives Hol(g) and Hol0(g) of these classes as the holonomy and reduced
holonomy groups of (M, g).
It is an old observation of Hamilton [H2, H3] that, under mild hypotheses on the solution
g(t), the reduced holonomyHol0(g(t)) cannot expand: if Hol0(g(t)) is initially restricted
to some subgroup G ⊂ SO(n), then it remains so, provided that the solution is com-
plete and of bounded curvature or otherwise belongs to some class in which the equation
is well-posed. This can be proven with a short argument using only general ingredients.
First, one passes to the universal cover and applies Berger’s classification. It follows from
this classification that one need only verify that Einstein, product, and Ka¨hler structures
are preserved by the flow. Using the short-time existence theorems of [H1, S1, S2] where
needed, one can construct complete Einstein, product, and Ka¨hler solutions to the flow
starting from given initial data with those characteristics. The uniqueness results of Hamil-
ton and Chen-Zhu [H1, CZ] then imply that these special solutions are the only solutions
within the class with the given initial data.
In [K2], the second author later showed that the reduced holonomyHol0(g(t)) of a com-
plete solution of uniformly bounded curvature also cannot contract and, consequently, that
Hol0(g(t)) ∼= Hol0(g(0)) for all time t. However, even with Berger’s classification, the
problem of non-contraction does not reduce in the same way to one of backward unique-
ness of solutions to the Ricci flow. While it is still only necessary to verify that the above
three special structures are preserved under the flow, it is not in general possible to solve the
parabolic terminal-value problems needed to obtain “competitor” solutions with these spe-
cial structures to compare against the original solution. (The one exception is the Einstein
case, in which suitable competitors can be obtained by scaling the initial metric homoth-
etically.) Instead, in [K2], the problem is framed as one of backward uniqueness of the
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solutions to a related prolonged system which may in turn be treated by the general meth-
ods of [K1, K4]. This formulation also leads to an alternative proof of the non-expansion of
Hol0(g(t)) (which is closer in spirit to that suggested in [H3] than the argument sketched
above).
The above results leave open the question of whether the full holonomy Hol(g(t)) is
preserved by the Ricci flow. Both Hol(g) and Hol0(g) are fundamentally global invariants
of the manifold, however, at each p, the reduced holonomyHol0p(g) is the connected com-
ponent of the identity in Holp(g), and is determined by the holonomy Lie algebra holp(g).
Since the latter contains the image of the curvature operator Rm at each point p, it is pos-
sible to test for the preservation of the reduced holonomy along the flow by studying the
kernel of the curvature operator of the solution.
For the full holonomy, which carries information about the global topology of the man-
ifold, there is no such convenient infinitesimal characterization. Assuming the invariance
of the reduced holonomy along the flow, the essence of the problem one faces is this: if
the lift (M˜, g˜(t)) to the universal cover M˜ of a solution (M, g(t)) to the Ricci flow admits
a parallel family of tensors A˜(t), and if, at some time t0, the tensor A˜(t0) descends to a
parallel tensorA(t0) onM , then A˜(t) descends to a smooth parallel family of tensorsA(t)
on M at all times t. One natural strategy to attack this problem is to extend A(t0) to a
family of tensors defined for t > t0 as the solution of an appropriate heat-type equation
coupled with the Ricci flow and to argue from the maximum principle that∇g(t)A(t) ≡ 0;
however, this approach does not apply to times t < t0.
In this paper, we show that the invariance (up to isomorphism) of Hol(g(t)) along a
solution g(t) to the Ricci flow can nevertheless be obtained from that of Hol0(g(t)) by a
direct argument which applies equally well forward and backward in time. The precise
statement of our main theorem is the following.
Theorem 1.1. Let g(t) be a solution to the Ricci flow onM × [0, T ] such that (M, g(t)) is
complete for each t ∈ [0, T ], and supM×[0,T ] |Rm |(x, t) < ∞. Then, for all q ∈ M and
t ∈ [0, T ],
(1.1) Holq(g(t)) = ψt ◦Holq(g(0)) ◦ ψ
−1
t ,
where ψt ∈ O(TqM, gq(t)) satisfies
dψt
dt
= Rc ◦ψt, ψ0 = Id,
for t ∈ [0, T ]. Here Rc = Rc(gq(t)) : TqM → TqM .
In particular, Theorem 1.1 implies that if a complete Ricci flow with bounded curvature
is Ka¨hler or splits as a product on any time-slice, it must be Ka¨hler or split as a product
on all time-slices. In Section 4 we show that the complex and product structures will in
these cases be independent of time. The preservation of such structures forward in time is
of course a well-known property of the Ricci flow. We have already sketched one proof of
this fact above; one feature of the argument below (when used in conjunction with [K2])
is that it does not make use of the short-time existence and uniqueness of solutions to the
equation.
In [K3], the second author has also previously shown that the preservation of global
Ka¨hlerity under the flow follows from the preservation of local Ka¨hlerity. Our proof of
Theorem 1.1 is in some sense a generalization of the argument given there. Further results
concerning the preservation of the Ka¨hler property for Ricci flows with instantaneously
bounded curvature can be found in [HT, LS].
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2. THE PRESERVATION OF REDUCED HOLONOMY AND A REFORMULATION
Let g(t) be a smooth solution to the Ricci flow
(2.1)
∂
∂t
g = −2Rc(g),
onM × [0, T ]. The holonomy groups Hol0p(g(t)) and Holp(g(t)) based at a point p ∈ M
are naturally represented as subgroups of the orthogonal group O(TpM, gp(t)) relative
to the time-varying inner product gp(t) at p. Using Uhlenbeck’s trick, we can transform
Theorem 1.1 into an equivalent statement for a family of connections whose holonomy
groups are instead realized as subgroups of some fixed representation of the orthogonal
group.
2.1. Uhlenbeck’s trick. Fix t0 ∈ [0, T ] and let E be a vector bundle isomorphic to TM
by some fixed isomorphism ıt0 : E → TM . Using ıt0 , we equip E with the bundle metric
h defined by
hq(V,W ) = gq(t0)(ıt0V, ıt0W )
for q ∈ M and V , W ∈ Eq . Then, we extend ıt0 forward and backward in time as the
solution to the fiber-wise ODE
(2.2)
∂ıt
∂t
= Rc ◦ıt,
where Rc = Rc(gq(t)), to obtain a family ıt : E → TM of bundle isomorphisms for
t ∈ [0, T ]. With this extension, ıt : (E, h) → (TM, g(t)) is in fact a bundle isometry for
each t ∈ [0, T ].
Let ∇ = ∇t denote the Levi-Civita connection of g(t). We will study the holonomy of
∇ via that of the family of pull-back connections∇ = ∇
t
on E defined by
(2.3) ∇
t
XV = ı
−1
t (∇
t
X(ıtV ))
forX ∈ TM and V ∈ Γ(E), where Γ(E) denotes the space of smooth sections of E. The
metric h is compatible with the connection∇
t
, and the holonomy groups of∇
t
and∇t are
related by
(2.4) Holq(∇
t
) = ı−1t ◦Holq(∇
t) ◦ ıt.
2.2. Preservation of reduced holonomy. As discussed in the introduction, the results in
[H3], [K2] imply that when (M, g(t)) is complete and of uniformly bounded curvature,
the reduced holonomy group of∇t is isomorphic to the reduced holonomy of∇t0 for any
t, t0 ∈ [0, T ]. While the analytic arguments used in the verification of this fact for t < t0
are fundamentally different from those used for the case t0 < t, the backward-time and
forward-time problems can still be formulated in a unified way in terms of the image of the
curvature operator Rm = Rm(g(t)) of the solution in the bundle of two-forms.
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Let hol(∇t) be the subbundle of End(TM)whose fiber holq(∇
t) ⊂ so(TqM, gq(t)) at
q is the Lie algebra of Hol0q(∇
t) ⊂ O(TqM, gq(t)). LetH(∇
t) ⊂ ∧2T ∗M be the bundle
of two-forms isomorphic to hol(∇t) via the correspondence
A ∈ holq(∇
t) 7→ gq(t)(A·, ·) ∈ Hq(∇
t),
and let hol(∇
t
) ⊂ End(E) andH(∇
t
) ⊂ ∧2E∗ denote the analogous families of bundles
relative to the connection∇
t
.
In Theorem 1.4 and Appendix A of [K2] (compare Theorem 4.1 of [H3]), it is shown
thatH(∇t) is time-invariant by first showing that the family of subbundles
H(t) = (ıt)∗H(∇
t0
) ⊂ ∧2(T ∗M)
is a ∇t-parallel subalgebra which contains the image of Rm(g(t)). From this, we deduce
thatH(t)must coincide withH(∇t). Then, using the definition of ıt and the fact thatH(t)
contains the image ofRm(g(t)), one verifies by a short calculation thatH(t)must actually
be independent of time. Thus,
H(∇t) = H(t) = H(t0) = ı
∗
t0
H(∇
t0
) = H(∇t0).
But,H(∇
t
) = ı∗tH(∇
t), so
H(∇
t
) = ı∗tH(t) = H(∇
t0
),
andH(∇
t
) is also independent of time.
Whereas the fibers of hol(∇t) are related to the fibers ofH(∇t) via the time-dependent
isomorphisms A 7→ g(t)(A·, ·), the fibers of hol(∇
t
) and H(∇
t
) are related by the time-
independent isomorphism A 7→ h(A·, ·). Thus, the fibers holq(∇
t
) ⊂ so(Eq, h) are also
independent of time, and it follows that the same is true of Hol0q(∇
t
) ⊂ O(Eq, h).
In terms of the framework we have established, the preservation of reduced holonomy
can be restated precisely as follows
Theorem 2.1 ([H3], [K2]). Let g(t),∇t, and∇
t
be as above, and assume that (M, g(t)) is
complete and of uniformly bounded curvature for t ∈ [0, T ]. Then holq(∇
t
) ⊂ so(Eq, h)
is independent of t for all q ∈M . Hence,
Hol0q(∇
t
) = Hol0q(∇
t0
), Hol0q(∇
t) = ψt ◦Hol
0
q(∇
t0) ◦ ψ−1t ,
for all q ∈M , t ∈ [0, T ], where ψt = ıt ◦ ı
−1
t0
.
Theorem 1.1 can now also be restated in terms of the family of connections∇
t
.
Theorem 2.2. Provided (M, g(t)) is complete and of uniformly bounded curvature,
Holq(∇
t
) = Holq(∇
t0
)
for all t ∈ [0, T ] and q ∈M . Consequently,
Holq(∇
t) = ψt ◦Holq(∇
t0) ◦ ψ−1t ,
where ψt = ıt ◦ ı
−1
t0
.
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3. INVARIANCE OF THE FULL HOLONOMY GROUP
Given a piecewise smooth curve γ : [a, b] → M , we will use Ds = D
t
s to denote
the covariant derivative along γ induced by ∇ = ∇
t
. We will temporarily suppress the
subscript t on the maps ı = ıt.
The key to the proof of Theorem 2.2 is the following identity.
Proposition 3.1. Let γ : [a, b]→M denote a smooth curve and V = V (s, t) be a smooth
family of smooth sections of E along γ = γ(s) which is parallel along γ with respect to
Ds = D
t
s for all t ∈ [0, T ]. Then V satisfies
Ds
∂
∂t
V = −ı−1div Rm(γ˙)ıV.
Here, div Rm is the section of T ∗M ⊗ End(TM) defined as follows: for any p ∈ M
andX ∈ TpM , div Rmp(X) ∈ End(TpM) acts on Y ∈ TpM by
div Rmp(X)Y =
n∑
l=1
∇elRp(el, X)Y,
where {el}
n
l=1 is a g(t)-orthonormal basis of TpM . Note that div Rmp(X) ∈ holp(∇
t)
for any X ∈ TpM . Indeed, the curvature endomorphisms Rp ∈ T
(3,1)(TpM) belong to
Hp(t)⊗ holp(∇
t), and so do∇X1∇X2 · · · ∇XkRp for anyX1, X2, . . . , Xk ∈ TpM .
Proof of Proposition 3.1. Let s0 ∈ [a, b] be fixed. Choose local frames (Eα)
n
α=1 forE and
(ei)
n
i=1 for TM on a neighborhood of γ(s0), and let Γ¯
β
iα be the coefficients of ∇ in terms
of these frames, i.e.,∇eiEα = Γ¯
β
iαEβ .
First, since V (·, t) is parallel for all t,
0 =
∂
∂t
DsV =
∂2V α
∂s∂t
Eα +
∂V α
∂t
∇γ˙Eα + γ˙
iV α
∂Γ¯βiα
∂t
Eβ
at any (s0, t). On the other hand, for s near s0,
∂V
∂t
(s, t) =
∂V α
∂t
(s, t)Eα(γ(s)),
and so
Ds
∂V
∂t
=
∂2V α
∂s∂t
Eα +
∂V α
∂t
∇γ˙Eα
= −γ˙iV α
∂Γ¯βiα
∂t
Eβ(3.1)
at (s0, t).
Now, fix α and temporarily write X = ıEα. Then we have
∂
∂t
X = Rc(X), and, using
that
∂Γkij
∂t
= ∇kRij −∇iR
k
j −∇jR
k
i , ∇
kRji −∇jR
k
i = g
lm∇lR
k
mij ,
where Γkij denotes the components of∇ in terms of {ei}
n
i=1, we see that
∂
∂t
(∇eiX) = ∇ei
(
∂
∂t
X
)
+
(
∂Γkij
∂t
)
Xjek
= ∇ei(Rc(X))− (∇ei Rc)(X)− (∇X Rc)(ei) + (∇
k Rc)(ei, X)ek
= Rc(∇eiX) + div Rm(ei)X.
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Thus,
∂Γ¯βiα
∂t
Eβ =
∂
∂t
(
∇eiEα
)
=
∂
∂t
(
ı−1∇ei ı(Eα)
)
= −ı−1 ◦ Rc(∇ei ıEα) + ı
−1
(
∂
∂t
(∇ei ıEα)
)
= ı−1div Rm(ei)ıEα.
Inserting this expression into (3.1) forDs
∂V
∂t
completes the proof. 
Next we use Proposition 3.1 to determine the evolution of parallel transport along a
fixed loop.
Proposition 3.2. Let q ∈ M and let γ : [0, 1] → M be a piecewise smooth loop with
γ(0) = γ(1) = q. Let Ps,t : Eq → Eγ(s) be parallel translation along γ with respect to
Ds = D
t
s. Then
∂
∂t
P1,t = P1,tB
for some B = B(t) ∈ holq(∇).
Proof. It suffices to show that
P−11,t
∂
∂t
P1,t ∈ holq(∇).
Let 0 = a0 < a1 < . . . < ak = 1 be such that γ|[ai−1,ai] is smooth and fix an arbitrary
W ∈ Eq . Applying the previous lemma to V = Ps,tW on any subinterval [ai−1, ai], we
find that
d
ds
(
P−1s,t
∂
∂t
Ps,tW
)
= P−1s,t
(
Ds
∂
∂t
Ps,tW
)
= −P−1s,t
(
ı−1div Rmγ(s)(γ˙)ı(Ps,tW )
)
.
In other words,
d
ds
(
P−1s,t
∂
∂t
Ps,t
)
= −P−1s,t ◦ ı
−1 ◦ div Rmγ(s)(γ˙) ◦ ı ◦ Ps,t + A(s, t).
But div Rmγ(s)(γ˙) ∈ holγ(s)(∇) for each s, so ı
−1 ◦ div Rmγ(s)(γ˙) ◦ ı ∈ holγ(s)(∇)
for each s. Since hol(∇) is invariant under parallel translation, it follows that A(s, t) ∈
holq(∇) for all s ∈ (ai−1, ai) and t ∈ [0, T ].
Now let hol⊥q (∇) denote the orthogonal complement of holq(∇) in End(E) and let
L ∈ hol⊥q (∇) be arbitrary. Then
F (s) =
〈
L, P−1s,t
∂
∂t
Ps,t
〉
hq
=
〈
Ps,t ◦ L ◦ P
−1
s,t ,
∂
∂t
Ps,t ◦ P
−1
s,t
〉
hγ(s)
is continuous on [0, 1] and smooth on each interval (ai−1, ai). For s in any such interval,
F ′(s) = 〈L,A(s, t)〉hq = 0.
Thus F |[ai−1,ai] is constant for each i.
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But P0,t = P
−1
0,t = Id for all t, so P
−1
0,t
∂
∂t
P0,t = 0 and F (0) = 0. Thus F (s) = 0 for
all s ∈ [0, 1]. Since L ∈ hol⊥q (∇) was arbitrary, it follows that
B(t) + P−11,t
∂
∂t
P1,t ∈ holq(∇),
completing the proof. 
We will use Proposition 3.2 in conjunction with the following simple fact.
Lemma 3.3. Suppose H is a Lie subgroup of the Lie group G, B(t) is a smooth family
of tangent vectors in TeH ⊂ TeG for t ∈ [0, T ], and X = X(g, t) is the left-invariant
extension of B(t) to G for each t. If α : [0, T ] → G is an integral curve of X passing
through a ∈ H at t = t0 then α(t) ∈ H for all t ∈ [0, T ].
Proof. Since B(t) ∈ TeH , we may separately form the left-invariant extension X¯ of B(t)
on H and obtain α¯ : [0, T ] → H solving α¯′(t) = X¯(α¯(t), t) with α¯(t0) = a. Then, the
inclusion ι◦ α¯ of α¯ intoG will be an integral curve ofX passing through a at t = t0 whose
image lies in H ⊂ G. By uniqueness, it must coincide with α. 
Now we put the above pieces together to prove Theorem 2.2.
Proof of Theorem 2.2. Fix q ∈ M and t0 ∈ [0, T ]. We will show that Holq(∇
t
) ⊂
Holq(∇
t0
) for all t ∈ [0, T ]. Let γ : [0, 1] → M be an arbitrary piecewise-smooth loop
based at q and let P (t) = P1,t : Eq → Eq be parallel translation along γ with respect to
the covariant derivativeDs = D
t
s relative to ∇
t
. By Proposition 3.2, ∂P
∂t
= PB for some
B = B(t) in the time-invariant subalgebra holq(∇
t
) = holq(∇
t0
) ⊂ so(Eq, h). For each
t ∈ [0, T ], let X(·, t) be the left-invariant extension of B(t) to all of O(Eq , h), given by
X(A, t) = AB(t).
Then P (t) is an integral curve of the left-invariant vector field X(·, t), and applying
Lemma 3.3 with H = Holq(∇
t0
), G = O(Eq, h), α(t) = P (t), and a = P (t0), we
obtain that P (t) ∈ Holq(∇
t0
) for all t. But P (t) represents ∇
t
-parallel translation along
an arbitrary piecewise smooth loop γ based at q, so Holq(∇
t
) ⊂ Holq(∇
t0
) for all t as
claimed. 
4. PRESERVATION OF PARALLEL TENSORS
One consequence of Theorem 1.1 is that if g(t) is a complete solution to the Ricci flow
of uniformly bounded curvature onM × [0, T ] and A0 is a smooth∇
t0 -parallel tensor for
some t0 ∈ [0, T ], then there is a smooth family A(t) of ∇
t-parallel tensors onM × [0, T ]
with A(t0) = A0.
Corollary 4.1. If the tensor field A0 ∈ Γ(T
k,l(M)) is ∇t0-parallel for some t0 ∈ [0, T ],
then A(t) = (ıt)∗ı
∗
t0
A0 is∇
t-parallel for all t.
Indeed, the section B0 = ı
∗
t0
A0 of the corresponding tensor product of E is ∇
t0
-
parallel, and Theorem 2.2 shows that Holq(∇
t
) is independent of time for each q. So
B0 is ∇
t
-parallel, and A(t) = (ıt)∗B0 therefore ∇
t-parallel, for each t ∈ [0, T ]. The
family A(t) in Corollary 4.1 can be explicitly described as the solution of the fiberwise
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linear system
∂
∂t
Aa1...alb1...bk = R
c
b1
Aa1...alcb2...bk + · · ·+R
c
bk
Aa1...alb1b2...c −R
a1
c A
ca2...al
b1...bk
− · · · − Ralc A
a1...c
b1...bk
,
A(t0) = A0,
of ordinary differential equations.
In some cases, the extended family of parallel tensors A(t) will be independent of time.
This is true, for example, when the time-slice (M, g(t0)) = (M˜ × Mˆ, g˜ ⊕ gˆ) is a Rie-
mannian product, and A0 is one of the associated complementary orthogonal projections
P˜ , Pˆ ∈ End(TM). It is also true when the time-slice (M, g(t0)) is Ka¨hler and A0 = J is
its complex structure. We give the argument for these two special cases below.
4.0.1. Product structures. Suppose M = M˜ × Mˆ and g(t0) = g˜ ⊕ gˆ is a Riemannian
product. Let P˜0 and Pˆ0 denote the orthogonal projections onto the subbundles of TM
isomorphic to TM˜ and TMˆ , respectively. These sections of End(TM) are parallel at
t = t0, and therefore, by Corollary 4.1, their extensions defined by
∂P˜
∂t
= P˜ ◦ Rc−Rc ◦P˜ , P˜ (t0) = P˜0,
∂Pˆ
∂t
= Pˆ ◦ Rc−Rc ◦Pˆ , Pˆ (t0) = Pˆ0,
(4.1)
are∇t-parallel for each t. It also follows directly from (4.1) that P˜ (t) and Pˆ (t)will remain
complementary g(t)-orthogonal projections. But these properties imply that P˜ ◦ Rc =
Rc ◦P˜ and Pˆ ◦Rc = Rc ◦Pˆ identically onM × [0, T ]. So ∂P˜
∂t
= ∂Pˆ
∂t
= 0, and the product
structure these projections define is constant in time.
4.0.2. Complex structures. Similarly, suppose (M, g(t0)) is Ka¨hler with complex struc-
ture J0. As above, the family J = J(t) defined by
∂J
∂t
= J ◦ Rc−Rc ◦J, J(t0) = J0,
will be ∇t-parallel and will satisfy J2 = − Id and g(J ·, J ·) = g(·, ·) for all t. However,
these conditions likewise imply that Rc ◦J = J ◦Rc for each t, and hence that ∂J
∂t
= 0, so
(M, g(t)) is Ka¨hler relative to the fixed complex structure J0 for all t. (Compare Section 3
of [K3].)
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